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1 Introduction 



The Lorentz group play a fundamental role in special relativity. It gives the lifetime dilata- 
tion of unstable particles in terms of their velocities and relativistic formulas of the energy- 
momentum four- vector in terms of the mass and the velocities. 

The above considerations make especially interesting the study of the noncommutative special 
relativity in the frame of the quantum Minkowski space-time and its transformations under the 
quantum Lorentz group to derive measurable observables describing the evolution of particles 
in noncommutative space-time. 

In the past few years, attention has been paid to formulate the particle evolution in quantum 

Minkowski space times through the construction of the g-analog of the relativistic plane waves 
[1] or the Hilbert space representation of the g-deformed Minkowski space-time [2]. 
Despite all the theoretical interests, the relevance of the quantum Minkowski space-time and 
its transformations under the quantum Lorentz group to derive measurable observable effects 
in particle physics has not been discused very much. 

In Ref.[3] the evolution of particles in noncommutative Minkowski space-time has been anal- 
ysed. From the transformation of particle coordinates at rest, the quantum analog of the 
lifetime dilatation of unstable particles and the relativistic formulas of the energy-momentum 
four vector in terms of the mass and the velocity have been established. The mean results of 
this work concern the principle of the causality in the noncommutative special relativity and 
the quantization of the moving particle lifetime which is deduced from the discret spectrum of 
the velocity operators. In addition, it is shown that for a particle moving in the noncommuta- 
tive Minkowski space-time, only the length of the velocity and its projection on the quantized 
direction can be measured exactly. 

In this paper we investigated further the tranformations of the Hilbert space states describing 
particles moving in the noncommutative space-time to show how the addition rule of the ve- 
locities can be deduced from the coaction of the boost generators and how the quantum analog 
of Glebsch-Gordon coefficients of the transformed states can be calculated. 
This paper is organized as follows: In section 2, we present the quantum analog of the Iwasawa 
decomposition of the SL{2, C) group [4]. Prom this decomposition and the correpondence be- 
tween the quantum SL{2, C) and Lorentz groups [5], we extract the quantum boost generators 
and their commutation relations. In section 3 we give a representation of these quantum gen- 
erators in the Hilbert space states. From the state transformation principle and the coaction 
on the boost generators we establish the addition rule of the velocities in the noncommutative 
special relativity and calculate the quantum analog of the Clebsch-Gordon coefficients of the 
transformed states. 

2 The quantum boost generators 

before we consider the Hopf algebra representing the quantum boost of particles in the noncom- 
mutative Minkowski space-time let us briefly recall the correspondence between the generators 
[N, M = 0, 1, 2, 3) of the quantum Lorentz group and those of the quantum S'L(2, C) 
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group generated by M/, (a,/? = 1,2) and (M/)* = M/ [5]. 

M^^ ~ 7 5 ^ corresponds to the representation of classical SL{2, C) group acting on space 

of undotted spinors and corresponds to the classical SL{2, C) group acting on space of 
dotted spinors. 

The unimodularity of M/ is expressed by EapM^'^M/ = e^sIa, e^^M^^Af/ = e'^^Ia, and 
e^f^M^I^M^^ = s^glj,, s'^^M^'^M^^ = e"hj^ where is the unity of the algebra A gener- 
ated by Mj^ and the spinor metric and its inverse e"^ {SaS^^^ = — ^^^^Sa) satisfy 
i^apY = £0a {e"'^)* = 8^°". If we cousider the case where the quantum S'L(2, C) group 
admits the quantum SU{2) group as a subgroup, the spinor metric Ea/s must satisfy addi- 
tional condition Ea/s — —e^'^ and e'^^ — —e^^ required by the compatibility of the unitarity, 

M^^^J = 5'(M(^)^") = EfipM^^^^/E"'^, with the modularity conditions of the quantum SU(2) 
group generators. In this case the commutation rules of the quantum SU{2) subgroup are 
given by those of SL{2, C) group where we impose the unitarity condition. The commutation 
rules are given by 

M^M^^R^li = R^'^^M'^M',, and M^MIR% = R^mImI (1) 

where the i?-matrices are given by R^^^ = 5i6^ + q^'^E^^Ea-y (i?^if = SlS^ + q^^E^/^Ea-y) and the 

spinor metric is of the form Ea3 — i ^ ) where g 7^ is a real deformation parameter. 

V g2 J 

The i?±-matrices satisfy R^^^R^p = ^i^^^ {R^l^R^^^ = &^), the Hecke conditions {R^ + 
— 1) = and the Yang-Baxter equations. An explicit calculation gives from (1) the 
following commutation rules of the quantum SL{2, C) group as: 

a/? = ql3a, 07 = ^'70;, a8 — qjP = 1, 
= q6-i, 7/5 = pS = qSp, Sa - ^"^7 = 1. (2) 



Prom the unitarity condition, the quantum SU{2) subgroup reads -^(c)a'^ - '^'^ 



7c a 



CI 



and from (2) it follows that 

ttcOc + (Icicle = 1, ac«c + 7c7c = 1) 7c7c = 7c7c, ac7c = ?7c«c, adc = qic^c- (3) 

It is shown in [5] that the generators of quantum Lorentz group may be written in terms 
of those of quantum SL{2,C) group as 

A/ = ^e^s^i^'-MJa'^^^M^^E''^. (4) 

They are real, (Aj^)* = A^, and generate a Hopf algebra C endowed with a coaction A, a 
counit E and an antipode S acting as A(A/^) = A/ (g) Aj^ , e{Aj^) = Sff and S'(A^) = 
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G±NK^L^G±^ respectively. is an invertible and hermitian quantum metric. It may be 

expressed in terms of the four matrices cr^ (A'" = 0, 1,2,3), where cr^^ {n — 1,2,3) are the 
usual Pauli matrices and u^^ is the identity matrix, as: 

where a^"^ = e"^'^R^"^^e'^^a^ ^p. The undotted and dotted spinorial indices are raised and 
lowered as ct^^a = aS''" and a^^^ = e^^al,^ and the inverse of the metric may be written 
under the form G±ij = -^Tr{aja±i) = ^^u-yO" j"" cr^j^pe'^^ where (J^j^p — G±ija^^. The form 
of the antipode of implies the orthogonality condition on the generators of quantum 
Lorentz group as: 

GiATMA/A/ = G^lkIc and G^^A/A/ = C/^/^ (5) 
where Ic is the unity of the Hopf algebra C 

In this framwork, it is also shown that there exist two copies of the quantum Minkowski space- 
times M.± equipped with metric G"^^^ and real coordinates X±i which transform under the 
left coaction : A4± — > £ (8) M.± as: 

Ai(X±,)=A/®X±^. (6) 

The coordinates X^j transform under the quantum lorentz whose generators Aj^^ are sub- 
ject to commutation rules controlled by the 7^+^^, A/A^7^+^^ = TZ'^^j'^ A/ A^^ , and the 
coordinates X^j transform under the quantum lorentz whose generators A^^ are subject to 
commutation rules of the form K^TZ~pQ^ — T^'lk^p^^q^ where the 7?.-matrices of the 
Lorentz group are constructed out of those of 5'L(2, C) group as: 

TpiAfM _ J_ DTa'tDTM/3D±PeE>±A7^M /3 iV A- S- a 
LK — Ta ^ Ku ^ 5a^ en J p ^ Lf ^Kv- 

These 7^-matrices lead to the symmetrization of the Minkowski metric in the quantum sens 
as: 

'■^ KL ^± — ^± 1 '■^ KL ^±NM — ^±KL 

and satisfy the Yang-Baxter equations and the cubic Hecke conditions 

{n^ + g±2)(7^± + g^2)(7^± - 1) = 0. 

In the following we shall consider the right invariant basis Xj — X+/ as a quantum coordinate 
system of the Minkowski space-time M = M.+ equipped with the metric G^^ — G^^ . Xq 

represents the time operator and Xi {i = 1,2,3) represent the space coordinate operators. 
With this choice, the commutation rules between the undotted and dotted generators of the 
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quantum SL{2, C) group must necessarely be controlled by the R -matrix, M^M^R ^ — 
R'^JM^M^ which gives explicitly 

aa* = a*a-{l-q-'^)(3P* , a-f* = q-^j*a - {1 - q-'^)pS* , 

f3(3* = f3*f3^ p5* = q-H*P , 66" = 6''6+{l-q-^)(3*(3, 
ap* = ql3*a, a6'' = 6*a , 7/?* = /3*7 (7) 

Note that if we have considered the coordinates Xj — X_j wich correspond to the metric 
qNM _ Q-NM g^j^^ ^Yic 7^-matrix R^^ = R~ki^ the commutation rules between the undottcd 
and dotted generators of the quantum SL{2, C) group must necessarely be controlled by the 
i?"'"-matrix. 

To make an explicit calculation of the different commutation rules of the generators of the 
quantum Lorentz group, we take the following apropriate choice of Pauli hermitian matrices 

^0 - M M ^1 _ M ^2 _( ^ -^\ . _ 

«^ ~ \ I ) ' ~ \ 1 J ' j ' <^P~ 

The advantage of this choice arises from the fact that: 

1) - The quantum metric G^^ is of the form of two independent blocks, one for the time 
index and the others for space component indeces {k — 1,2,3). The nonvanishing elements 
of the metrics are; = -g-f, G^^ = G^^ = G^s ^ q12 ^ _q2i ^ -iql^^ and the 

non vanishing elements of its inverse are Gqo = —(^1 Gu — G22 — G33 — q~^ and 

G12 — —G21 — ^'^ . In the classical hmit q — 1, this metric reduces to the classical 

Minkowski metric with signature (— ,+,-!-, +). 

2) - ^0"'' = = -^f , ^Naa = ^^ii + ^^22 = '{Q + = 'Q^N and a^"" = Q6^. 
These properties make explicit the restriction of the quantum Lorentz group to the quantum 
subgroup of the three dimensional space rotations by restricting the quantum SL{2, C) group 
generators to those of the SU (2) group. In fact when we restrict the generators of the quantum 
SL{2, C) group to those of the SU{2) by imposing unitarity condition in (4), we get [3] 

Aiv° = ^^N^''M^'^a\.S{M/)e''^ = ^^^7"^''' = '^^^^^ = (8) 

and 

^,^P^M^.. = la^^^^C (9) 

which lead us to the restriction of the Minkowski space-time transformations to the orthogonal 
transformations of the three dimensional space R3 equipped with the coordinate system X^, 
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(i = 1,2,3). These transformations leave invariant the time coordinate Xq. In fact, as a 
consequence of (8) and (9) we have 

Ai(Xo)=Ao°®Xo = /®Xo 

ALiXi)=A/ (S)Xj (10) 

where A/' = ^a,^"M(,), V%M^^^/e^^ = ^a,^M^^^^'^a^,^S{M^^^/)e'^^ generate a Hopf sub- 

algebra 50^(3) of jC whose the axiomatic structure is derived from those of £ as A (A/) = 
A.'' ® Afc\ e(A/) = S,^ and S(K/) = G^k^^G = GiJii^G where G is the restriction 
of the quantum Minkowskian metric G ^'^ . It is the Euclidian metric of the quantum space i?3 

properties 



satisfying G '^^Gkj = 5) = Gj^G The form of the antipode of A/ implies the orthogonality 



G^'A, ^G'^ and G^fcA/A, = G^. 



Therefore, A/ = ^a^Al^M(^^-^^'^a\pS{Mf^^-^p^)e^^ establishes a correspondence between SUq{2) 
and SOq{^) group. In the three dimensional space spanned by the basis Z, Z and X3, the 
generators A/ = ^a^^"Mf^^'^^'^a\pS{M^^-^p^)e^^ give the irreducible three-dimensional repre- 
sentation of SUq{2) considered in [6] as 

— 2ci^(Pf(^ 2(y^ (y^ Q^c^* 
id,/)=\ 2Q,aV -2g7k* Q«c7i \ eM,0G{SUq{2)) (11) 
-2q;c7c -27*a* 1 - g^TcTc 



where the indices i, j run over z = 1 + i2 and z = 1 — i2. 

It is shown in [4] that the quantum SL{2, C) group admits an unique Iwasawa decomposi- 
tion of the form M^^ = M^^^^^^ Mf^^^^^ where M(c) is a quantum 5'C/(2)-matrix and M(d) is a 
quantum-matrix the left-lower-corner element equal to zero. The matrix elements of M(c) dou- 
bly commute with matrix elements of M^^-^ (two operators a and h doubly commute if ah = ba 
and ab* = b*a). 

With our choice of the commutation rules (7) between the undotted and dotted generators of 
the quantum SL{2, C) group, in order to have nontrivial commutation relations, M(rf) must 
have the right-upper-corner element equal to zero 

M,,/=(:;.). (12) 

Prom (12) and (7), it follows that 

an = qna, aa* = a* a, an* = q~^n*a, (13) 
nn* = n*n + (1 - q-^){aa* - {aa*)'^). (14) 

As M(rf) is a subgroup of the quantum SL{2, C) with coaction, counity and antipode acting 
in the following way: A(a) — a ® a, and A(ri) — n ® a -\- a~^ (g) n, e{a) — 1, e{n) — 0, 
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S{a) — a~^, and S{n) — —qn. The Iwasawa decomposition and the correspondence between 
quantum SL[2, C) and Lorcntz group (4) permits us to extract out of the latter the SOq{3) 
subgroup left by restriction to Mi^d) with the quantum boost. 

More precisely by replacing the matrix elements of M by those of M^^) into the relation (4), 
we get the following generators of the quantum boost as: 

= ^(g-ifta* + q{aa*)~^ + q~^nn*) , Ag^ = + q~^{aa*)~^ - qnn*), 

Ag" = -^{aa* - {aa*)~^ - nn*) , A^^ = - (aa*)"^ + q'^nn*) 

A,° = na*, A/ = gna* , Aq^ = ^n(a*)-\ A^^ = ^n{aT' 

A/ = 2a-^a* , A/ = 0. (15) 

The remaining generators are obtained by complex conjugation. Note that the commutation 
relations (13-14) permit us to take a real, a* = a, then A/ = A-^ = 2. 

From the commutation relations (13-14), we see that [a^^a*,n] = [a^^a*,a\ = which im- 
plies that A/ is central, i.e. [A/,Aj^] = 0. Prom [a,nn*] = [a*,nn*] = we deduce that 
[Ag^, Ag^] = [Ag^, Ag"] = [ Aq^ , Ag^] = 0. A stralghforward computation shows that Aq° is central, 
[Ao°,A^^] = 0,and 



A3°A/ - ?'A/Ag° 


= {q-q' 


")AoX°, 


(16) 


A/A,° - A.^A,'^ 


= {q-q' 


-^)QAg°(Ag° + g-^Ao°), 


(17) 


Ag°Ao^ - g^Ao^Ag" 


= {q-q' 


-')Ao%^ 


(18) 




= q'{q- 


?-')A3°A/, 


(19) 


Ao^Ao^ - g-^Ao^Ao^ 


= {q-q' 


-')Ao°Ao^ 


(20) 


|(A/Ao^-Ao^A/) 


= {q-q' 


-^)Ao='(Ao='-gAo°), 


(21) 


Ao^A.o - g-^A/Ao^ 


= 


-Q-')K'{^o' + ^K% 


(22) 


As'A,^ - g^A.'^Ag^ 


= Q-\q- 


(23) 


Ag^Ao^ - g-^Ao^Ag3 


= -q{q- 


-5-^)Ao^(A3°-^A/). 


(24) 



The remaining commutation relations are obtained by substituting into (16-24) the following 
relations 

A/ = g-^A/, Ao^ = -gAg^ Ag=^ + V = A^V gAg° (25) 

deduced from the form of the boost generators (15). From these relations and the commutation 
rules (16-24) we can also show that the orthogonality condition G^^ K^K^ — G^^ and 
Glk^n^m — Gnm are satisfied if 

A/ = |A/Ao^(g-^Ao° + A/ = g'^f A/Ao^(g-iAo° + Ag°), (26) 



V = ^A/A/l'/Ao" - Ao'), Ao" = g^^A/A/(?Ao° - K')- (27) 



In fact by substituting (15) and (25) into G^^K^K^ = = -g-iAo^Ao°+g^( ^^^^^°^^ 'V^^° + 
Ag^AgO), we get 

^A/A,° = q-'KK,' + q-'k,^k,' = q-'^^q-'K' + Aa^) 

leading to the left relation of (26). The same procedure gives from G-^^A^A^ = the right 
relation of (26) and from GtvmA/Aq^ = and Gnm^/K'^ = the relations (27). 
By substituting (27) into (26) and by using A/ A/ = 4 obtained from (15), we get (gAg^ — 
Ao3)(g-iAo° + Ag") = 1 leading to 

As' = q^s' + (Ao° + qAsT\ = qK' - QiK' + Q^s)-'- (28) 

Then all generators of the boost can be given in terms of Aq°, A^°, A/ and A^^. As in [3], we 
set Aq° = 7 and Aj° = ^yVi where 7 is a real c-number given by 

^^{l-\v\l)-K (29) 

Vi are the components of the velocity operator and 1^;!^ = —^ViVj is its lenght which is also 
a c-number. 



3 The addition rules of velocities in the noncommuta- 
tive special relativity 

In [3] the evolution of free particles in the coordinate system Xjv, {N — 0,1,2,3) of the 
Minkowski space-time are described in terms of states \V) — \t,X3, r^) belonging to the Hilbert 
space T-[m- Here t, and are the time, the coordinate X3 and the proper-time respectively. 
They arc cingcnvalucs of the set of commuting operators which are the time Xq, the component 
X3 of the space coordinates and the lenght of the four- vector Xjy, G'"^'^^ X^^Xm = —t^ = 

-g-ix2 + 3^ZZ + ^ZZ + g5X|, where Z = Xi + 1X2 and Z = Xi - 1X2. is real, 
bi-invariant and central. Then \V) is a common eingenstate of Xq, X^ and 

Xo\V) = t\V), Xs\V) = Xs\V), and r^\V)=T^\V). (30) 

Since the coordinate system transforms under quantum Lorentz group with tensorial product 
as X'j^ = (g) Xm we have assumed in [3] that the Hilbert state \V) transforms into \V') as 

\r') = \symg) \r) (31) 

where \V') describes the evolution of the particle in the coordinate system X^. Note that the 
coordinates X'j^ fulfil the same commutation relations as those of X^, then \V') — \t',x'^,r'^) 
satisfy also 

X'o\V')^t'\V'), X'^\V')^x'^\V'), and t^\V') ^ t^\V'). (32) 
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The state \symq) belongs to the Hilbert state T-Lc where the quantum Lorentz generators act. 
It is a common eingenstate of a set of commuting operators of (15). Since all the generators of 
the Boost can be written in terms of = 7V/V, the set of commuting operators of the Boost 
are Kq = 7 and = 7V3 and therefore, \symq) = \v2, 7) is a common eingenstate of 7 or the 
lenght of the velocity —^ViVj and 

71^^3,7) = 7^3,7) and V3\v3,-f) = V3\v3,^). (33) 
The coordinates X'j^ act on the transformed state \V) as 

X',\V') = (Ao° ® Xo)\V') + (Ao' ® Xk)\r') = Ao>37) ® Xo\V) + A^'M Xk\V), (34) 
X',\V') = (A,o ® Xo)\V') + {A,' X,)\V') = A,>37) ® Xo\V) + A,'M ® X^lV). (35) 

In the case where we boost a particle at rest described by the state \Vo) — \t,0,T^) satisfying 
Xo\Vo) = t\Vo), Xi\Vo) = 0\Vo) and r^|Po) = t'^I'Po) it is shown in [3] that this state is unique 
and transforms under the quantum Lorentz group as: 

\V) ^\t,X3,T^) ^Ivsn)®^)- (36) 
X3 and V3 are quantized and read 

4'""' = ^-'(^ - D* . «r'=«-'(^-i) (37) 

where 

7^') = ^-^ ^ K (38) 

I — 0,^, 1, ....00 and m runs by integer steps over the range —l<m<l. In the following the 
states |t'3'™\7^'^) describing the boost will be notted |/,m). They form an orthonormal basis 

{l,m\l\m') ^ 5r^i5m',m (39) 

satisfying 

7|/,m) =7(^)1/, m) and V3\l,m) = v'i''^\l,m) . (40) 

By setting A^,^ = 7]/^ we obtain from (28) ^q - and A^ = ^7^3 + :^(Yq^ from 

which we deduce 

„-2m 

V^\l,m) = -g(^^ - 1)K,^) = ^;^^'''"^|/,m) and A^\l,m) = (g^"^ + g-^"^ - 7('))|Z, m). (41) 

From the orthogonality condition G^^'A^A^ = G^^ = -q'i = -g-f 7^ + g^7^( '^^^^"+^"'^"^^ + 
V3V3) and the commutation relation VzVz — VzVz = {q — q~^)Qy3{V3 + q~^) obtained from (17), 
we get 

VzVz = ^{q-'{l + qV3){l - gV3) - g-2), (42) 
7 

VzV, = ^{q-\l + qV3){l - g-V3) - q-^). (43) 



On the other hand, the commutation relations 

V^V, - q'V.Vs ={q- q-')V, and V^Vj - q-^V^Vs = -q-\q - q-')Vj (44) 
obtained from (16), show that [3] 

V,\l,m) = {ali^^^)^l,m+l) and Vj\l,m) = {al^^^)^l,m - 1) (45) 

where 

«U - {l,m\\^V,\l,m) = -^{q'-'-W^ - q'"" - ?"'), (46) 
= {l,m\V,V^\l,m) = ^(c;2-3g^(0 _ _ ^-2y ^^^^ 



Prom (27) we get 



V = ^^z{q-^ + ^3)-' and = ^^^(^~' + ^^^^ (^8) 



implying 



V%m) = ^q-'^-^'VM = ^g-'™+^(4,„))^|/,m + 1) = (/3(U))^ 1^' + 1) (49) 

where 

Pim) = {I: m\VW% m) = j^^iq-'-'^W^ - q-'"" - g+^). (50) 

The same procedure apphed to gives 

V^\l,m) = {(3l^^f^\l,m-1) (51) 

where 

Pim) = {lMV'V%m) = jQ^2i'i'""'^W' - I'"""" - 9^')- (52) 

Now we want to consider successive boost transformations given in terms of left-coaction on 
the coordinates as: 

X';, = {A0 /)Ai(Xjv) = (^ ® Al)Al(X^) = A/ ® A/ ® X^. (53) 

As notted above fulfil the same commutation relation as Xn and A = Aj^ (8) A^ fulfil 
the same commutation relations as Aj^. Then a state describing the evolution of a particle 
in the coordinate system X'^ read \V") = \t",x'^,T'^). It is a common eingenstate of Xq, X^ 
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and with eingenvalues t", Xg and respectively. As assumed above, the transformed states 
may be written as 

\V") = \syml) ® \V) = \sym'^) ® \symg) ® \V) = \sym'g) (g) \V') (54) 

where \sym'g) = \v'^, 7") is a common eigenstate of 7" = A"g and V^' deduced from A''^* = V^'^y". 
Since A"^ fulfil the same commutation relations as A^^, , 7") has the same form as (37) 
and may be written as 1/3,7713) satifying 

Y\h,m3) = 7^'^^|/3,m3) and V^\h,ms) = vt"''^\k,ms) (55) 

where 

J2I3+I) , -(2i3+l) , ^2m3 

7(^3) = ^ , 4'^-) ^ _ 1) 

and /a = 0, |, 1, ....cxd and mg runs by integer steps over the range — ^3 < 7713 < ^3. 
We are now ready to state the addition rule of the velocity out of the coaction on the generators 
of the boost. In fact let \symg) = 1/2,7712) and Isymq) = |/i, mi). For I2 and h fixed, the basis 
1/2, 777.2) (E) |/i, 77ii) = 1/2, /i, 7772, TTii) coutaius (2/2 + 1) (2/i + 1) linear independent statcs Satisfying 

{k, h, 7772, r77i|/2, /l, 7772, "^'l) 

1/2, /l, 7772 , 777i)(/2,/l, 7772 , 7771 1 = 1. (58) 

m2 ,mi 

The 7772 sum is performed over all values — /2 < 7772 < I2 and analogously in the 7771 case over 
the interval — /i < 777i < /i. Thus in the basis I/2, /i, 7772, 777i) the state 1/3,7773) reads 

\k,m3) ^ ^ 1/2, /l, 7772, 777i)(/2,/l, 7772, 77711/3,7773) (59) 

m2,mi 

where the coefficients {I2,li,m2,mi\l3,m3) are the quantum- analog of the Clebsch- Gordon 
coefficients. Now we are ready to state that 

7773 = 7772 + 777i , — /3 < 7773 < h dnd |/2 — h\ < h h + h- (60) 

Prom the coaction on the boost generators we get 

A(Ao°) = 7" = Ao° ® + ^(Ao^ ® A/ + A^^ ® A/) + A^^ ® A3O (61) 

A(A3°) = ^3^7" = A3° ® Ao° + ^(A3^ ® A/ + A,^ ® A/) + A,' ® A3°. (62) 

By replacing (25) into (62) we get 

W = A3°®AoO-^(Ao^®A/ + Ao^ A/) + (Ao° + gAgO - g-^Ao^^) A3O = 

A3° ® (Ao° + gA30) + ® (Ao° + gA30) 

-g-^(Ao°®Ao° + ^(Ao^®A^° + A/®A,°)+Ao3®A3°) = 

A3O ® (Ao° + gA30) + ® (Ao° + gA3°) - g- V- 
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By applying the latter relation to the state (59), we get 

V^j'Vs, m,) = vt'^'h^'-%, ms) = q-\q^^^ - ^^'^^)\h, m,) = (63) 
^ (4'-™^)/^)(l + rf'™^))7('^)|/2,/i,m2,mi)(/2,/i,m2,mi|/3,m3) + 



m2,mi 

+ _ g-i7fe))|/2,/i,m2,mi)(/2,/i,m2,mi|Z3,m3)= (64) 

^ g-i(g2(m2+mi) _ ^('3))|;2,Zi,m2,mi)(i2,/i,m2,mi|Z3,m3). (65) 



m2,mi 



By identifying (63) with (65) and by applying {l2-ih,Tn2,mi\ from the left we get because of 
linear independence 

(g'"^^ -g'("^^+"^^^)(^2,/i,m2,mi|Z3,m3) = (66) 

which implies = m2 + mi and 

(/2,ii,m2,mi|/3,m3) = if m2 + mi^m^. (67) 

By applying (61) to (59) and then (^2, ^i, ^2, ^i| from the left, we get 

7('3)(/2,/i,m2,mi|/3,m3) = (68) 
(^('1)5-2-2 + 7('^)g2"^-g-2(™^-™^))(/2,/i,m2,mi|/3,m3) 

+ -ji(^lh,m2-i)(4iumi+i)y^ h, m2 - 1, mi + 11^3, ^3) 

+ \iP(h,m2+i)^lh,rn,-i))Hl2,h,rn2 + l,mi-l\k,m3). (69) 

For 1712 = h and mi = li or m2 = —I2 and mi = —li the second and third terms of the right 
hand side of this relation vanish implying h = I2 + h- we note in these cases that the upper 
value m™"^ = I2 + li and the lower value m^*** = —{I2 + h) appear once, thus the upper value 
of /3 is ir"' = h + h and 

\iT^,iTl = hMMM), (70) 
\iT"^-iT") = \hM,-i2,-k). (71) 

Since they are (2/2 + l)(2/i + 1) linear independent states I/2, ^1, m2, mi) and m™"^ = ^2 + ^1 
appears only once we may make a similar demonstration to the one of the addition of two 
angular momentum, called triangle rule in the text book of quantum machanics [7], to show 
that all values of /3 = /2 + ^i, ^2 + — 1, •••1^2 — ^i| appear precisely once and the number of 
states 1/3, m3) is equal the number of basis I/2, ^1, m2, mi) 

(2^3 + 1) = (2/2 + 1) (2/1 + 1). (72) 

\l2-h\ 

Therefore, the projection of the velocity on the quantization direction is given in terms of 
quantum number m3 = m2 + mi and /3 = /2 + h, /2 + /i — 1, •■•I/2 — /i| with —l^ < < I3. 
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Now we are ready to compute explicitly the g-deformed Clebsch- Gordon coefficients. We start 
from 

A(A/)=7'V; = A,°®Ao° + ^(A/®A^° + A/®A/) + A/®A3° = 

= A,° ® Ao° + 1 ® A,° + A/ ® AgO = 

= A/®(Ao° + gA3°) + l®A/ 

where we have used (25), A/ = and A/ = 2. By applying the latter relation to (59), we 
obtain 



m2,mi 

7^^'^ («(ii,mi)) 1^2, /l, 7712, mi + 1) (^2, ^1,^2, mil/3, 7^3) 

which give because of linear independence the condition 

7^''H"(i3,m3))^(^2,^l,"Z2,mi|/3,m3 + 1) = 

7^''n«(Z2,m2-i))^?^™'(^2,/i,m2 - l,mi|/3,m3) + 7^^'n«(ii,mi-i))^(^2, ^i, ma, mi - 11/3,^3). 
The same procedure gives for A(A/) = yV^' the condition 

7^''Haa3,m3))^(^2,^i,"i2,mi|/3,m3 - 1) = 

7^''n«(/2,m2+i))^?^"''(^2, h, m2 + 1, mil/3, m3) + 7^''H4i,^i+i))^(^2, /i, ^2, mi + 1%, m^) 

These conditions give recursion relations for the calculation of Clebsch-Gordon coefficients. 
For example in the case where h — \ and Zi = | we obtain the folowing Clebsch-Gordon 
coefficients: 

i 1 -i|l,0) = (5g)-^ and (i 1 -i i|l,0) = (g-^Q)-^ (73) 



leading to 



IM> = |iii.i> . U.-DHii-i.-i). (74) 
|1, 0) = {<iQ)-^\, i i -\) + (<;-'e)-4|i, \, -\, \), (75) 

|0, 0) = -(g-iQ)-2 1_, __) + (gQ)-2 1-, --, -). (76) 



For the case I2 — h and Zi = 1 we obtain 



'2' 2^ ~ '2' ' 2' ^ ' '2' 2^~'2' ' 2' ^' 
,3 1, , g-^g ,1,11 ,1,1,1 1 , 

13 



,3 _1. ^ , qQ 



)2|-,l,--,0) + g-i( 



1,1 1 

)2 - 1 1\ 



11 1 ill q-^Q 1 1 1 

'2' 2^ ~ ^^g^^^''2' '2' ^ ~ ^Q^^'^^r 



(79) 
(80) 



I---) 
'2' 2^ 



-9 



-1 



qQ 



0) + 



ill 1 i -1) 



Conclusion: 

In this paper we iiave siiowed liow tiie addition rule of the velocity in the noncommutative 
special relativity is derived from the left coaction (53) on a quantum coordinate system of 
the noncommutative Minkowski space-time. The states describing the evolution of a particle 
in different coordinate systems tied by quantum boost cotransformations (54) are computed 
explicitely and the recursion formulas giving the g-deformed Glebsch- Gordon coefficients of the 
transformed states are investigated. 
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